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ABSTRACT

Lower bounds are obtained for the covariances of the
orbital elements of an initially circular orbit due to omissions
of harmonicsa of a given degree in the expansion of the earth's
gravity potential. This is accomplished by applying the
methods of linear estimation theory to the surface gravimetry
results of Kaula, extended to satellite altitudes. Numerical
results are presented for the case of a 100-n mi

geacentric orbit.
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SECTION I

INTRODUCTION

With the increased accuracy requirements piaced upon the
investigator in the field of astrodynamics, it has become necessary to
r~t2in more 2nd mave rnafficjents in the expansion of the earth's gravity

potential in terms of spherical harmonice. However, the inaccuracles

inherent in omitting harmonics of a given degree have yet to be estimated.

This analysis provides lower bounds for these effects for the class of

initially circular geocentric orbits.
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THE COVARIANCE EQUATIONS

It is assumed that, for small deviations from circularity, the elements
of an initially circular geocentric orbit are governed by a linear system of

differential equations of the form

d“g?f“l = F(t) AX () + G(t) u(t) (1-a)

where

X = a 6 X 1 column vector representing the two body orbital
elements

u(t)

a 3 X 1 column vector of zero mean representing the
forciny function

F(t) and G{t) = 6 X 6 and 6 X 3 matrices, respectively
& = a deviation from circular valuer
t = the iime

The suiution to this system of equations is

AK(t) = ¢(t, to}AX(tc_) +f ¢lt, ) G(v) u(v) dr {1-b)
t
0 = a subscript notation indicating an epoch value

#(t, +) = the 6 X 6 state transition mairix, which transforms perturba-
tione in the orbital elements at time r into perturbations at
time t.
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Now, since this analysis is limited to initially circular arbits, we have from
the definition of A

A;-‘l(to) =0
Thus, Egq. (1~b) can be rewritten

-

axX(t) = f‘.tp(t. 1)} G(T) u(r) dr (1-c)

to

Further, noting that u(t) is of zero mean, from Eq. (l-c)

t t
cov [ax(t)] = f f p(t, ) G(T)E[u(r) uT(n)]GT(n) ¢T(t. n)drdq (2)

b %

where

H

E
cov

an expected value

1

the covariance

The guantity X is now equi.ted to the fullowing set of orbital elements
(see Fig. 1):

p = radial separation between the satellite and geocenter
v = speed of the satellite

$§ = angle between the radius vector to the satellite and the velocity
vector

: the inclination

[V
P2

Q = longitude of the ascending node

"o
1

angle ir the orbit plane between the point of maximum declination
and the instantaneous satellite location (positive in the direction of
satellite motion) i. e., the argument of latitude minus 7 /2 radians.

-4~
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It is convenient to replace time by [, as the independent variable (and

conversely to replace { by t as an orbital element) thus modifying Eq. (2) to

Lo _
cov[ax(] = | { o(t. 1) G E [utr) oTem) 6T o7, m dr i
gO o

(3)

Prior to direct integration, uoxpressions for the terms appearing in Eq. (3) as
functions of the orbital elements and the components of the forcing function

must be found. The analysis to accomglish this purpuse follows.
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) SECTION IIX

: EVALUATION OF TERMS APPEARING
IN THE COVARIANCE INTEGRALS

Neglecting second and higher order tezms in AX yields in the absence

of the forcing function (Ref. 1)

dapy .
(dt"\)l " PohP

fo Y
&
}/
11}
<
]
[ 3
w

(4)

v

©

\ p
..g._é—t— :-}—Ap - ~.g_ Av
1 vo

Extending Eq. (4) to include the effects of the perturbing accelerations as

given by the Gaussian equations of motion with { replacing tirne as independent

variable (see e. g., Ref. 2) yields
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; in f
: w dai p_sin 4 W
! | dg 2
L o
}I i
o
| daqQ pocosg
L Il >
: | v sin i
E::
L -
. P p2 cos § cos i
-d-é.ﬁ- = —1_ Ap - -—2. AV + o W
I 4 v 2 3 ..
o v v. sini
. o o
/
? where R, S, and W are the components of the perturbative acceleration; R
/ lying in the direction of the increasing radius vector, W in the direction of the
moment of momentum vector, and S in the instantaneous orbit plane with sense
such that R, S, and W form an orthogonal right-handed set. It should be noted

that Eq. (5) is equivalent to the matrix Eq. (1-a) with { replacing t as the inde-~

pendent variable and

ax =| A8 (6-a) -
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0 0 0 0 0 0
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Since all of the coefficients appearing in Eq. (4) [or Eq. (6-b)] are constants,
it is a straightforward matter to solve this system of equations for the transi-
tion matrix yielding

29
fz « cos(f - 1) -,;—"- [t - cos(l - +)) =P, Mn(g - 7) o o 0)
Q
v
2 {con(t -~ ) - 1] 2cos{f ~x)~1 v sin(} - v) o ¢ o0
Pq ° .
L sin(f ~ ¥v) - vi' sin({ - ) cos(l - ) 0 0 0
(L 1) ’ﬁ Pq o } (6_e)
0 0 0 1 o o
0 o 0 c 1 0
LB - -2 sing - 1) % B(C - v) « 4 sin(g - 1) i [ ] o o0 1t
to - - n(f -+ ;—'2' -r)- 48 - 1) -Vo - com(] - v) 1)

The R, S, and W components of the correlation matrix of the forcing
function, due to effects of harmonics of given degree, are derived in Appendix
A. This is accomplished by extending the surface gravimetry results of
Kaula (Ref. 3) to satellite altitudes. Examination of these results shows all
three components to be linear combinations of cosines of integer multiples
of the satellite separation angle. Further, assuming these components are
not cross-correlated vields a correlation matrix with terms of the form

-10-
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@cos A(r-mn) O ’ 0 ]
E[u(-r) uT(n)] = 0 P cos )\2(1' -n) 0
¥ e A -
B Yy cos 3(7 n)_j

where a, B, v and the integers >"1' >‘2' 7\3 are defined in Appendix A,

-1~
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SECTION IV

EVALUATION OF THE COVARIANCE INTEGRALS

double integrals

It should be observed that a difficulty associated with the limits placed
upon Eq. (3) is the implicit assumption that the covariance of the orbital
elements is correlated with a monotonically increasing separation angle L.

Of course, separation central angles are never greater than v radians. For
pu -poses of the prescnt analysis, this difficulty is ameliorated by neglecting
correlations beyond a preselected separation angle denoted by A (where A = ),
This necessitates reformulating the right hand side of Eq. (3) as the three

§°+A. T+A
covlax() = j I I(t, n) dt dy
g0 LO
tL-A T+A
+] f I(r, n) dr dny (7)
§°+A T=-A

L g
+/ f I{r, n) dt dn
L-A r-A

I(r, n) = The integrand of Eq. (3) = ¢(t, 1) G(7) E[u(-r) uT(n)] GY(m) ¢ (t, m)

The (shaded) area in the 1, n plane over which Eq. (7) is integrated is shown in
Fig. ¢. Of course, Eq. (7) holds only when { - go 2 2A. It should also be

-13-
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noted that as formulated Eq. (7) yields only a lower bound for the covariance
of the orbital elements since it completely neglects the covariance arising
from re-crossinga of previous ground traces, (i.e., it is equivalent to the
assumption that the satellite passes over new topography with each revolu-
tion). Substituting Eqs. (6-d), (6-e), and (6-f) into Eq. (7) yields, after

direct integration, the symmetrical matrix

— r ———
ap agq a4, a3 0 0 ag,
av a4 833 33 O 0 2,
ap azy az; az3 0 0 a3
cov - . (8)
Al Q 0 v} a44 a45 a.46
Afl 0 0 | 0 as4 ags a56
At a a a a a a
A1 [ Pet 6z %3 264 265 266]

where the matrix elements are given in Appendix B.

"15-
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SECTION V

NUMERICAL EXAMPLE

In order to perform the summation in Eqs. (A-14), (A-17), and (A-18),
numerical values are needed for the degree variances cg . For this purpose,
the results obtained by Kaula in Refas. (3) and (4), for the degree variances of
the terrestrial free-air anomalous gravity field degree variance, are

adopted. These values are illustrated as a function of degree n in Fig. 3.

Unfortunately, Kaula has only determined dcgree variances through n = 32,
At n = 30 he obtained a negative degree variance, a result which is iheoret-
ically impossible as indicated by Eq. (A-13). Hence, for this analysis, degree
variances beyond n = 30 were represented by c:rf1 = 35. 09 (0. 949)" (a rela-
tionship chosen s0 as to approximate degree variancer below, and be well
behaved above, n = 30). The solid line in Fig. 3 illustrates degree variances
obtained from this relationship. Below n = 30, Kaula's degree variances
were utilized. Further, correlations beyond separation angles of 7 radians
were neglected, i.e., A was set equal tc .,

The degree variances described above were then utilized to obtain
numerical results for the diagonal terms of the matrix comprising the right
hand side of Eq. (8). In Figs. 4 through 9, the graphs of the square root
of these diagonal elements (representing the standard deviations of the
orbital elernents) are presented as a function of revolution for the case of a
satellite in a circular, 100-n mi polar orbit. A small oscillatory component

superimposed on the seculi.r trend has been amoothed out of these figures.

Each of these figures consists of three curves corresponding to three
. agssumptions regarding the gravity model. The curve with the largest ordi-
nates was obtained by summing from n = 2 to n = 50; that with the second
largest ordinates by summing from n = 7 to n = 50; and that with the smallest
ordinates by summing from n = 13 to n = 50. The exclusion of the contribu-
tion uf the lower degrees terms in a spherical harmonic representation of the

geopotential is equivalent to the assuwaption of a perfect knowledge of the

-17-
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eifects of these terms on the orbit. Therefore, the curves obtained by
surnming from n = 7 to 50 correspond to the assumption of a perfecily known
gravity model through the 6th degree terms whose effects have been included

in the orbit prediction and those obtained by summing from n = 13 to 50
corregpond to the assumption of a perfectly known gravity model through the
12th degree terms. Since the degree variances have been calculated from
free-air anomalous gravity data, the n =2 and n = 4 degree variances do not
include the preponderant portion of the J, and J, terms of the terrestrial
gravity field. Thus, the n = 2 to 50 case corresponds to an orbit prediction
using good approximations to J, and J, and an exact GM. The decision to set
the upper limit of the sumination to 50, while somewhat arbitrary, may ke
justified from examination of Table 1. This table, which was computed assum-
ing a constant degree variance of 10 mgal2 for all termes, presents the contri-
bution to the variance of the orbital elements of selected values of n, normalized
with respect to the value associated with n = 2, at the end of 16 satellite revolu-
tions. The fall-off of each of the values with increasing n appears to justify the
truncation of the surmmation at n = 50. Since a satellite in a circular orbit at

an altitude of 100 n mi will complete approximately sixteen revolutions in one
day, Figs. 4 through 9 yield the standard deviation in the prediction of the
crbital elements during an interval of approximately one day. The uncertain-
ties in the orbital elem.ents can be translated into radial, along-track,andcross-
track position uncertainties by noting that Ap is the radial component, Ai and
AR can be transformed into the cross-track component for polar orbits, and

At can be transformed into the along-track component. One-gigma values of
these components for a one-day orbital prediction resulting from the use of an
incomplete gravity model, as obtained from Figs. 4 through 9, are sum-
marized in Table 2.

-25-
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F APPENDIX A
A DERIVATION OF EQUATIONS FOR THE CORRELATION

:!Ev:!w.- ‘:g (S ‘_ -

OF THE FORCING FUNCTION
If the ith component of gravity is specified on the surface of a sphete
of radius r,as g (8, \) where 0 and \ are the spherical cuordinates,
colatitude and longitude, respectively, and the value of the ith component of
gravity located at the point 8’, A\’ with respect to the point 00, N, in the 0, )
coordinate system is gi(e' ., N), then the covariance between values of the ith

component separated by an angular distance ¢, C()), is

. C(‘W“T"j; )f?‘f g;( o.h)g(%x)ex sin 6_d6_dx (A-1)
(9,\

where the gravity covariance is defined as the average of all possible ]
products of the ith gravity components separated by the arc distance 4,

i The radial component of the covariance is most easily-derived and will
be considered first. If the gravipotential expansion U is considered to be

0, \n n
(%) [JnPn(coa 9+ ﬁz}; JnmP:?(cos 0) cos m(\ - an)]

Ulr, 0, \) =l§

(A-2)

where

p = the product of the universal gravitational conatant and the mass of
the carth

R a = the earth's equatorial radius

r = the vehicular separaticn from the geocenter




P_ = Legendre polynomials of the first kind of degree n

P': = Legendre associated functions of the first kind of degree n
and order m '

e i et

Jn and JLn = coefficients of zonal and non-zonal harmonics, respectively,

then the radial component 8, of anomalous gravity on the »>here is
» n
(]
g (0.%) = g = -& 3};(“ 1)) [JnPn(cos 0)
r_ 'n= o
o o

Jmpr(cos 0) cos m(\ - xnm)]t

+
m=1
(A-3) -
with a sinilar expansion for g (8’, ') BN
‘ o0 n |
g (0" )= -5 (Y (n+ 1)(&3-) [‘Tx’:(eo' A,)P, (cqs 8)
o

+ J’_(®

am %’ Xo) P::1 (cos 9’) cos m(\’ - )\x"m)]l

(A-4)

where the expression for J;x (90. ko) will be determined later. From Eq.
(A-1) the averaging process over the \’ coordinate is only performed on
gr(e' , )_\' ). Hence, all non-zonal terme will average to 0. ‘Taking the sumrma-

tion outside the integral yields for (A-1)

n | P27
_ = + 1)fa ’ :
C.l¥) = ';_Ei' z: 12'11':_)(;:) Pplcos q‘).[ .[ 885 A )T (80 Ny )ain 9, 49, dx,
0 n=2

 (A-5)




The relationship for ..'Ix'1 can be established from the following considc rations.

At every point on the sphere gr(e’ W AN) = gr(e. A); therefore

g‘-.-fLPn(coa 8’) g (6, \) d8’ = -é-fjs.Pn(cos 0') g_(6, \) dS (A-6)

where S is the spherical surface and dS is an element of area. From the

orthogonality properties of Pr(cos 0}, the left mide of (A.6) gives

J7 (9 ,\ )

Il o O

Z_n + 1
Now
n - '
P (cos e’} =P (cos o) P (cos 90) +2 Ei !:11 ¥ :1:1%'
m=
-P;n(nou ) an(cos eo) cos[ (N - )‘o)] | (A-T7)

fweletJ —cosmh —=A ., J
the right side of (A-6) yields

sin m)\nm =B then integzation of

n
’ - m A
J‘n(eo, 7\0) = JnPn(con 90) + ﬁz-i[ﬂ.\nml’n (cos 90, cos mko

+ Bmp‘:(cos 9. ) in mA_] (A-8)

Define the normalization factor for spherical harmonice as

2 A {n + m)!
N'(m.m) = s INE - E ) s (A-9)




1 if m=0

0 if m=0 is the Kronecker delta.

where 6mo = ;

Then, substituting (A-8) into (A-5) allows the integration to be
performed by inspection yielding

n
2 2 2 2 2
N(n, 0) 32 + nz;l Ne(n, m)(Anm + 82 )

2 % -
2{a \2n
C_(¥) = -J'-Lz- (n+1)"f— P_(cos )

(A-10)
or using the bar superscript to indicate a normalized coefficient
2 2 a ,
_ 2(a \2n L] =2 -2 = . ’
C ) = (:5—) 2, w0 (,0) P,(cos §) - { T, + IQ;(AM 1 azm) (A-11)
o - ’

Kaula (Ref. 3) defines the anomalous gravity covariance on the earth's surface

by
% 3
C(s) = n2=:2“n P, (cos S) (A-12)
where the degree variance
n :
2 _ =2 =2
n ~ mz__:o(anm + anrn) (A-13)
Recalling that
_‘_'_nm az - fnm
Pam{ Hn- Bm




Tm——_

Eq. (A-11) may be expressed in terms of Kaula's degree variances by

-a4w.n+12a2nzp 14
.0 (;—;) 2 (BH) (%) Arseon (A-14)

n=2

The covariance of the horizontal components of the gravity is con-
siderably more difficult to derive by the methods used to obtain the covari-
ance of the radial component. However, Kaula (Ref. 3) gives the covariance
of the deflection of the vertical in terme of the component p parallel to the
great circle arc joining the ‘wo peints and the component v perpendicular

to the line joining the two poaints. Thes~ components, in the case of interest

here, represent the along-track and the c¢roas-track component, respectively.

Noting that, to a very good approximation, the horizontal component of the
anomalous gravity field is just the total gravity force multiplied by the
def'ection angles (in radians), Kaula's results can be used to obtain for the

along-track covariance at the earth's surface

a P%(cos )
cq(‘;,) = E ,ﬁ.ﬂ "‘Jl’_’*, [Pn(cos ¢) -ﬁmr] (A-15)

n=2 Z(I'l = i)

and for the cross-track covariance '

2 .
e n + . o Py qlcos )
Gl ,‘5_’,‘ i'(;,*-“’ n [Pu-1lcos W+ =Sremp— ! (a-16)

where P {cos \IJ) and P 1(ccna np) are Legendre auaoc1ated functions. Kaula
obtamed the ahove reaults in terms of ;r by d:.fferentxatmg the expression
relating geoid height to the geopotential and squaring. On a sphere of radius
L the expression for the radial covariance of degree n is given by the

2nt4
product of ( ) B4 and the expression on the surface. HMence, to couvert

.




Kaula's results to a sphere of arbitrary radius £ each terra of the summation
of the right hand sides of Eqs. (A-15) and (A-16) imust be multiplied by

(}g_)Zn#i yielding )

o]
C._ W) (a)‘t i + 1 “n g rP (ros { Folcos (A-17)
) 3 ot “(a) ’nlnw“f-m—rfr -
° ©/ n=z 2(n - 1)* Vo .
a 4 o 2+ i)n a 2n 3 Pi_i(cos )
C ) = (‘1::) E ;((—n-T—z-)-z (-;()—) o |Pp.q (cos ¥) + Ter (A-18)

n=2

L

However, it is noted (sce e.g., Ref. 5) that
P (cos §) = S~z-2nf2RY(2n - 2K\ o oy (A-19)
n'€°8 _Z' \k n-k Jcos\n - -
k=0

and that

e .

: - t
pﬁ(c08¢)=%nz ?(k+§-)r(n-k+§-)
&6 T3kt n - k - 2)1

)
.;cos(n -2k -2)y - %—con(n -2k - 40 - %cos(n - 2k)4‘§ {A-20)

Thus, une sees that ail “e covariance furctions can be expressed as linear
combinations of cos (A\J) terms wherz A is an atrbitrary integer. In other
words, substitution of Eqs. (A-19) and (A-20) into Ega. (A-14), (A-~17), and
(A-18) yielde covariance coinponents of the form given by Eq. (6-f) in the

text.
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APPENDIX B

EXPRESSIONS FOR ELEMENTS APPEARING IN THE COVARIANCE
MATRIX OF THE ORBITAL ELEMENTS

Lower bounds for the covariance of the orbital elements are obtained
from direct integration of Eq. (7) where the elements of the integrand are
given by Eqs. (6-d), (6-e), and (6-f). The resultant solution is given by the
symmetrical matrix, Eq. (8), in the text.

= = -
apl lagp 34 343 0 0, ag,

AVl |3y 3550 353, 0, 0, a,,
AB|  |agyr 3350 333 0. 0, ag,

cov = (B-1)
Al 0, 0, Q, a4 a5 a46

AR 0, 0, Q, agy aggs age

LM 261" %62 *63' *64' 265" 266

where
4
pO
ayy =—g (@X, +4pY )
vo
3
PO
a5 Zayy =—g(-aX, + 2pY ;)
vo
3
PO
2137231773 (aX,, + 48Y 4)
[+]




| B ‘
g |
!
¥
4
: _ Po
g 316_a61=2—3-(aX16+BY16)
P Yo
£
E, 2
3 2P
y i 8yn = -v-z- (@X,, + BY,,)
5 o
P ’s
g 823 = a32 ="3'(ax23 - ZﬂY23)
13 vo
]
E 3
, Py
326 = 3,62 :-z (—20}{26 + pYZ())
v
o]

(@X 54 + 4Y 5;)

»
w

w

1

< {o
o“alc’n

3

pO
o

2
P

Ay, =—a Y2
44 7 TV44
o]

2
Po

- - i
45 " 354 T T 3ini Y245
Vo

3
_pocosi z -
5 Uing Y246 ' 1
Vo

|
i e eae ' - - oy Ww.s.fm*:
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%55 *°F T T Yegg
vo sin” i

3
0 cos i
356 = 245 = “5' 3 YZg,
a1n 1
p4 o2
%68 ("xse +BY g+ Yzee)
sin 1
and
X4 =-2-Z)_—2L.—1)1 [2 {cos AL - Lo - Ay 3in A - cos A]

+cos € - Lo)coe(t - L) - cos MA cos(t - £ - A) + 1}
+ N\ sin AA{cos A[-2(f - Lo - A) +sin2(L - - A)
- 58in A - cos(f - §_ - ZA)sin(} - §_ - A)
+ sin(g - § Jcos(t - L - A}
+20%-(L - ¢_ - A) sin A cos AA
+ sin (L - ¢ Ysin({ - £_) - cos A sin({ - L, - Al}
+2° sin MAlcos A[2(¢ - Lo - A) - #in 28 - §_ - A)] + sin A

- sin(g - ¢ )cos(l - L - A)

+ cos(l - L - 2A)sin({ - L - A)}]




4 (1 - cos \NA) + 4\ sin MA@ - '; - A) - un(ﬁ -4 )]
zxz(xz "‘[

l + 2% {cos 2AL (L - Lo - A) sin A - sin{f - {_)sin(L - C_- A)

+ 4 - 2cos(l - L, - A) - 2 cos Al
+ain’( - L) - 2+ 2 cos(t - ¢ )}
+ ){3 sin NA[ - 2(¢ - ;o - A){(4+ cos A) - 7 sin A

+ sin(f - QO - A)cos({ - ?;o- 2A)
- sin(f - Lo)cos(g - {.0 - A) + 4 sin(l - {,o - A)

+ 8 win(f - § ) - cos Asin 24 - ¢{_ - A)]

-l-Z)«4 {cos Al - (¢ - Lo - A)sin A -2+ 2 cos(f - Lo -

+ cos A - co_a(g - go)cos(g - (,0 - A)] g

+ 1+ cosz(g - L) - 2 cos(f - Qo)}

5 sin AA[2(2 - Lo -A)(2 + cos A) - 4 sin({ - {_ - A)

S —

- 4 8in(y - Lo) + 3 gin A + cos AsinZ(L-{,o-A)

- Bin(f - QO - A)coe(l - LO - 24A)

+ sin(f - go)cos(g - ;o - A)]]

B-4




=X

X2 = %44

Y12 =m[-2(1 - cos NA) + N\ sin MNA[ - 2(¢ - (.O - A) + 3 sin(l - C'O)I_,

+2%{cos NA[- 2(L - L_ - A) sin A+ 3 con(§ - {_ - A) |
+3cos A -4+2sin(t - Llo)sin(g ~ 4, - Al
-3 cos(t - ) +1 - 2sin (g - 5 )}
+23 sia NAL2(L - ¢ - ANZ + cos A) - 6 sin(t - ¢ )
4+ 6 8in A - 3 sin({ - 4 - A)
+cos Aein 2(§ - L - A) - sin(t - {_ - A)cos(f - L - 24)
+ ain(g - L )cos(t - L - A)]
+ \*{cos NA[2(L - £ - A) sin A - 3 cos(t - §_ - A)
~ cos A+ 2+2cos(l - )coe(t - L - A)]
+3cos(t-0)-1-2 cos?(t - ¢ )}
+ 2% sin AAL- 2(5 - §_ - A)L + cos A) + 3 sin({ - §,)
+3min(t-{_ - A)-2sinA
- cos A sin 2(¢ - 5 - A)
+ win(g - 4 - Acos(t - §_ - 2A)

- sin(g - L )con(s - &, - A)]]




i [og) : -y -
Xu = m ‘L.Oﬂ 7\A[3 sin(§ - t.-\o)cos(g go A)

\ ' _ -ainAcosZ(f,-t,,owA)

- sin{f - &, - A)cos(t - & - 24)] - sin 2{t - L)

- 2\ sin NA sin(§ - Lo)ain(t_, - §° - A)

+ )\2 {cos A\A [sin A co8 2(¢ - :‘o - A)-2sinA 1

| + sint - G - Alcos(t - &g = 24

- sin(t - Lo)cos(t, -5, A)

- 2 con(t - L)sinll - & - A)] + #in 2(8 - LN

+ 2k3 gin A sin(l - f,o)sin(L - t"o - A’)}

b
|
S ) ; Y, 2______1{__..2 (z ain AA [t - cos{l - t )]
: " - 1) :

+k{coakA[23in(§,-§,°-A) | .

+ 2 sin A - 3 sin{({ - t,o)cos(t_. - LO - A)

’ + sin A cos Z(L—QO-A)
I \ + sin(f - &, - A)cos(t - &, - 2A}]
o -2 win(t - S 1 - coslt - e )

+ 2).2 ginnal-24 2 cona(t - ';0) - co8 A+cos{l -5, - A)

+ sin(g - ¢ sin(b - b - A)l
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Xi6=Yq3

1
Y =TT-T
16 A - 1)

+23 {cos NA[- 2 sing - L, - A) - sin A cos 2({ - §_ - A)

- 8in (§ - §, - A)cos(t - § - 24)
. + sin(f - { )cos(t - L - A)
+ 2 cos(l - L )sin(L - L - A

+ 2 win(t - 4 )1 - cos(t - £ )]}

+ 27\4 sin AA[ 1 + cos A - cos({ - 5} - cos(l - L - A)

- sin(L - ¢ )sin({ - & - A)]]

[3[ (€ - &) - 8in(§ - 3 )11 - cos NA)

+nsin A3 - )% - 30 - ¢ )[A + min(L - ¢ )]
+3A ain(g - 8g) - 1+ cos(t - L)}
#2383t - g;)[-z +2 cos MA+ cos(f - L)
- con A cos(f - §_ - A)]
+ coas MNA[ -4 sin(g - £,) - sig(§-~ &, - A) - sin A
+ 6 sin(f - § )con(f - L - A)

~ 2 sin A cos 2(L - {_ - A)




1F

- sin(t - L - Alcos(f - L - 2A)
+ sin(L - L )7 - 4 cos(t - L)}
+ 23 sin AA}- 6( - L) + 3L - L )[2A + 2 sin(l - L)
+ sin(t - ¢ - Al
- 6A sin( - L) + 2 - 2 cos(l - L)
+ cos A - cos(t - {, ~ A)
- 4 sin(g - § )sin(L - &, - A)|
s\t {3(¢ - L)1 - cos NA - cos (L -2,
+ cos MNA cos(t - & - A)]
+ cos NA[- 3 sin A+ 3 sin(t - § ) + sin(l - &, - A)
+ 2 sin A cos 2(4 - L - A)
+ 2 sin{f - L, - Alcos(t - L, - 2A)
- 2 sin(L - lLo)coa(?; -t - A)
- 4 coalt - L )sin(l - &y - Al
-4 sin(§ - { )1 - cos(t - £ )1}
£ 25 sin AADS(L - §)% - 3(L - BI[A + sin(@ - £)
+ sin(f - & - a)l
+ 3A sin( - § ) - 1 - cos A+ cosll - L)

< cos( -L, - A) + 4 sin(f - {.o)sin(g -8 - A)}]

i, i .




(]
X202 = Xy | l
Y,, :Iz.(-;zi:i—)z— [1 - cos MA + X ein MA[(L - {_ - A) - 2 sin (§ - § )]
+ 27\ {cos AA [ (- L - A)ein A
- sin(f - g)ein(t - &, - A) - cos(t - L, - A)
- cos A+ 1]
+ cos'(f - L) + sin’( - L)

+ )\3 sin \A [- 2¢ - l;.o - A)(1 4+ coa A)

- gin 2(¢ - ;o ~ A)cos A + 2 sin({ - l;o - A)
'1-4 sin({ - (.o) - 58in A

+ gin(f - go - Ajcos({ - t_’,o - 2A)

- sin (§ - L )cos(f - L - A)]

+ L*{cos M- 2( - ¢, - A)sin A
+ 2 con(lf - LO-A)

- 2 cos(t - L )con(t - L, - A) - 1]

-2cos{l - L )[1 - cos(t - L )]+ 1}




+ XS sin MNA [(C - r,o - A}{1 + 2 cos. A)

+ sin 2(¢ - Qo - A)cos A -

I S
I
o TRV

- sin(g - §, - A)cos(L - b, - 24)

+ gin(f - Lo)cos(l, -t - A) - 2 sin(t - Lo)

P
- 2 sin(l - 4 - A) + sinA]] =
i

X3 = Xy,

Yo, =-—-2—‘-—2- [- sin AA [{ - cas ({ - go)]

MO - 1)
+ n{cos NA[3 sin(g - { )cos(l - &, - A) .
- 8in A cos 2 (§ -LO-A)
~ gin{l - ;o - A)cos(f - !'o - 2A)

- sin(} - §, - A) - sin Al + sin(f - L)

- sin 2(§ - & )}

+ )‘2 gin NA[2 + cos A - 2 cos(§ - l;o) - cos(f - l;o ~A)
- 2 sin(t - L )sin(} - &, - A))

+3 {cos XA [sin A cos 2(% - &, - A) - 8in A

+ sin(f - §g - Alcos(t - &, - 24) :
- sin(g - goleon(l - &, - A)

- 2 cos(f - L )sin(g - {, - A)

B-10




- b

+sin(g - ¢ - A)l - sin(g - L)

; +sin 2(¢ - L)}

- +x4sinm[-1-coaA+co-(;-go)+coa(t,-;0-A)
+2 ;ixl (€ - L )ein(t - & - A)]]

Xo6= Y13

Y26 =;za'z£":‘1—)z [— 3{(% - t,) - 2sin (L - L )](1 - cos NA)

+ N win MA{3(L - £ )% + 38 - § )2 sin(g - ¢ ) + Al

- 6A sin(g - § ) + 2 cos(L - {) - 2}

+ 2% {3(L - ¢ ) - cosl - £ ) + cos NA cos(l - ¢ - A)

l ' + 1 -cos \AJ
4+ cos MA [ - sin A - sin(¢ - L, - A)+ 6 8in(L - &)
- 6 sin(y - §,)cos(t - ;o - A)

-l'-ZsinAcosZ(;-;o-A)

DI ot i G = i g S

t2sin(§ - § - A)cos(] - L, - 2A)]

- 5 sin (§ - { )+ 2 8in 2(L - L)

+ 222 sin AAf3(L - £ ) - 35 - L ) A+ 2 min (L - L)

+oin (¢ - L - A)

+ 6A sin({ - L) - 2 cos(y - &)

- cos(l —go-A)+ cos A+ 2

T Ui et R L v £ L
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s ¢ s e

+ 4 sin(l, - t_,o)sin(é -5, - A)}

+ 3305 - ¢ )2 coe (L - L) - 2 cos NA cos(L - L, - A) -

+ cos )\A]

+ 2 cos MA[5 sin A+ sin(f - L - A) - 3 sin(L - L)
- 2 sin A cos 2(§ - §_ - A)
- 2sin (L - 4 - Acos(t - L - 24)
+ 2 sin(t, - QO)COS(L - L, - A)
+ 4 cos(t - ¢ )ain(t - & - A)]
+4 sin(t - 5 ) - 4 sin 2 - L))
+15 sin AA}- 3 (L - £ )% 4 36 - Ll 2 min(d - )
+2sin (L - & - A) + Al
- 6A sin{t - L ) + 2 coa(f - L )
+2cos(f -4 -A)-2cosA-2

- 8 sin(f - Lo)sin(L - LOA)}]

------




Xys =;(F?-_——”-z [zf {t - & =-A)sin Acos A+ sin®(L, - L)
- cos MA sin(f - £ )sin({ - {_ - A)]
+\ sin MAfcos A [-2(L - £ - A) - sin2(f - L - A)]
~3sin A+ sin(l - § - A)cos(l - L - 2A)
- sin (¢ - { Jeos(t - §_ - A}
+ 202 [- (¢ - {, - Alsin A cos MA - cos A cos hA + 1
+ cos?(t = §_) = cos MA cos(t - § )cos(f - &, - A)]
+ 2 sin NA{cos Al2(¢ - ¢ - A) + sin 2(¢ - §_ - A)]
- sin A - sin(t - L_ - A)cos(t - §_ - 24)
+sin (¢ - L )cos(t - L, - Al
Y33 = Xy

2s8inMNA sin (§ - § )
*36 = 2 (xz )2 [ °

+ 20} cos NAL-(L - & - A) sin A+ sin(t - L )min(t - §_

+ cos(f - L - A)+cos Al

-1-cos{l -8 ) - sinz(g - Qo)i
+2% min MA{cos A[2(L - §_ - A)+ sin 2(5 - & - £)]
=2einl -L - A)-4sin(f-L)

.
+ 5 sin A - sia(f - Co - A)cos(f - LO - 2A)

+sin{f - § hos( - L - A

—yr,



Y36

_ {
xz(xz - 1)}S

+ 223 {con MAL(L - L - A)sin A + cos(t - L Hcos(L - L
- conlt - ¢ - A
+ cos(t - )1 - con(t - L 1
+2% ain MA{- cos Al2(L - L - A) + 8in 2(L - § - A)
+ sin(g - L - Acos(t - L, - 24)
- siuiy - L)coalt - L, - A) + 2 sin(t - L)
+2 sin(f - & - A) - sin A}]

[- 3(1 - cos NA)[ 1 + coalt - Qo)]

+ 3\ sin MA[- (L - § - AJcos(l - L ) + sin(L - L} + A]

#2214 (L -4 ) - 3oin (L - ;) + 3 con MA sin(t - &, -

- 4 sin A cos \A]

+cosNA[-6+7 cos A+ 3cos(t -t -A)
-6 cos(l - L)+ 4A sin A
+ 4 cos(t - L icos(l - &y - Al
+3 cos(l - L) - 4 cos?it - 4_) - 1}

+ 23 sin AA {(L - £ )[6 cos® - L) ¥ 3 cosll - by - A)

+ 4 cos A]

-A)

A)
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- 2 8in 2(¢ - (,0 - A)cos A

+ 2 cos(f - Lo - 2A)sin(g - Lo - A)

- 2 sin(} - L )cos(t - §, - Al

+2%4{ (0 - £ )[ 3 ain(t - L) - 3 cos MA sin(t - L - A)

+ 4 sin A cos \A]

+cos NA[3 -3 cos A~ 3cos(} - QD-A)

+ 3 cos(y - go) - 4A sin A

+ 4 sin(f - §°)ﬂin(§, - "’o - A)]

- 4 sin(¢ - ¢ )}

+\° sin AA Y- (b - Qo)[fi cos(f ~ §°) + 3 coa(-5 -4,- A)

+ 4 cos A]

+ 3A cos(f - {.,0) 4+ 3 sin {f - {,Q) - 58in A

+3 sin(&-l;o-A)+3A+ 4A cos A

+ 2 sin 2({ - {’o - A)cos A

+ 2 @#in(l, - ;o)cou((, - & - A)

-2 coesa(f - Lo - ZA)ain({ - {‘o - A)l]
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Z4y =?(;21T-1-)-2 lz{(g - & - A) gin A cos AA + cos Lo[cosgo
- cos \A cos(f + A)]

+ coe {[cos § - cos MA cos(b - A)]!

+ 8in kA{cos Al-2( - Lo - A) - sin 2(1;0 + A)

4+ 8in 2(§ - A)] - 48in A

j | - sin §_ cos(t_ + A)
: '. +sin(f_ + Alcos({, + 24) + sin { cos(L - A)
- sin({ - A)cos(t - 2A)
+ 203 (L - L, - A) sin A cos A
+ sin { [sin L - cos MA sin(l, + A)] ‘
+ sin [ sin(f - cos NA sin( - Al
+33 sin MA Jcos A[2(L - § - A) + sin 2(L + A)

- 8in 2(f - A)] + sin § cos(L + A)

“ sin(!.o + A)cos((_,o + 2A) - sin § cos(t - A)

+ sin(t ~ A)cos( - ZA)}]
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‘\} l 2'45=',_"2'1'__'?. (-Zaingacosta-Zsm(.coaC
J 2T - 1)7 N\
Y +cos NA{3 sint_cos(§_+ A)+ 3 sin{ coa(f - A)
‘r - lin(L0 + A)coa(go + 2A) - sin({ - A)cos(l - 2A)
+ 2 oin A ainz(g - A) - sinz(QO + Al
| | + ) sin AA{ - sin A[sin 2({_ + A) + sin 2(} - A)]
.2 .2
+ 2 cos Al sin (Lo + A) - sin"({ - A)H
z[ . .
+A\"]2 smgo cos go +28in l cos {
. + cos AA ’- gin ;o cos(l’,o 4+ A) - gin [ cos{f - A)
+ sin(t_ + A)[cog(go + 24A) - 2 cos Lo]

+ sin(l - A)[cos{{ - 2A) - 2 cos {]

+ 2 ain A sin2(§,o + A) - inz(C - A)]}]

+ NB sin AA{sin A[sin 2(L, + A) + sin 2(L - A)]

+ 2 cos A[ ainz(g. - A) - sinz({'.o + A)]})

Bei?7




7. Z. v

“46 T %4y

Zgg = ;&-21«—1-)-2 {2(!_. - l_’,o ~ A)sin A cos NA )

+28i0f [sin b - cos \A sin(f  + A)]

+ 2 gin ¢ 8in { ~ cas NA sin ({ - A)]

i ———— et oI Y e i T EIRNERR I

+ N\ sin AMA{cos A[ - 2(8 - L, - A) - 8in 2(f - A)

4+ sin Z(LO + A)] - 4 8in A
+ sin go cos({,o + A) - sin t, cos(l - A)

- sin (4 + A)cos(L_ + 2A) + sin(f - A)cos(t - 24)} |

+k2{-2(§-§°—A)sinAcoaXA : ’ ]

+ 2 cos go[cos C,o -~ cas A& cos (l;,o + A)] .

+ 2 cos §[cos § - cos AA cos(L - A)]}

+ 2% sin Mafcos Al2(L - U - A) + sin 2(L - A) ~ sin 20+ A)]

-~ sin Lo cos(LO + A) + sin § cos(f - A}

+ sin(L_ + A)cos({_ + 24) - sin(t - A)cos({ - zA)}]
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+ 3223 - £ )2 - cos AA)

+ cos hA[3A% + 4 - 8 coa(t, - L)} - 4

+ 8 cus(h - &)
+ 33 sin nal2(C - ¢ ) - 346 - £ )
+ 8L - &, - Acos(l - L)+ A+ aa
- 8 sin(t - L)]
+ zx‘{- 90 - !.o)z(i - cos AA)
4 (4 - L )12 sin(t - § ) - 12 cos MA sin(§ - § - A)

+ 8 sin A cos \A]

+ cos MNA[- 9A2

+ i5 - 20 cos A - 12 cos({ - &o - A)
+ 24 cos(l - l;o) - BA sin A
- 8 cosly - L )cosll - &, - AN+ 5

- 12 cos(f ~ L )+ 8 cos (L - ()

+ 225 sin AA{- 6(C - £)° + 9AK - L)
- 4(t - L) 6 con(t - L)) + 3 cos(L - ¢ - 4)

+ 2 cos A}
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3a3 4 15A + 24A cos(t - b)) + 24 sin(L - Tg)
_ 32 sin A+ 12 sin{{ - LO - A) + 8A cos A

+4sin2(t - & - A)cos A

~ T i

- 4 cos(l, - Z_.o - 2A)sin(f - Lo - A)

Ty

+ 4 sin(g - L )cos(t - & - AN

SFTNON -

+28{9( - £ )21 - con 14)

+ (L - Lo)[— 24 sin(g - L ) + 24 cos NA sin(f - L - A)

- O TR i )

- 16 sin A cos \A]
+ cos NAPA® - 24 + 24 cos A+ 24 cosl(f - L, - A
- 24 cos(f - §_) + 16A sin A
- 46 sin(t - ¢ Jsin(t - L, - A)]
+ 16 sin?(L - L)}
a7 sinnale(t - £ )? - 9AE - 1)
+8(5 - L3 cos(t - Lo)t 3conll - L - A)
+ 2 cos A]

+3a% - 24A cos(t - L) - 24 sin(g - §)

+32 8in A - 24 sin(f - L - A) - 24A

- 16A cos A - 8 sin 2({ - go - Ajcos A




S

e - 8 sin(f - ¢ )cos(f - L, - A)

*‘-‘l_m“ k

+ 8 cos(f - § - 2A)sin(f - L, - A)}]

Zo6 = %55

The indeterminacies occuring in the above equations, when \ = 0 and when

: = 1, are ~egolved by direct application of L'Hospital's rule.
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